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,PSDFWEHQGLQJ WHVWVXVLQJSUHFUDFNHG VSHFLPHQVDUHH[WHQVLYHO\FDUULHGRXW WRGHWHUPLQH WKH LPSDFW IUDFWXUH
WRXJKQHVV RYHU D ZLGH UDQJH RI LPSDFW YHORFLWLHV IRU H[DPSOH WKH &KDUS\ WHVWV WKH GURSZHLJKW WHVWV DQG WKH
6+3%VSOLW+RSNLQVRQSUHVVXUHEDUWHVWV8VXDOO\WKHVSHFLPHQLVVLPSO\VXSSRUWHGDWERWKHQGVDQGLVLPSDFWHG
DWWKHPLGVSDQDQGLWLVSUHVXPHGWKDWWKHVSHFLPHQLVLQWKUHHSRLQWVXSSRUWPRGHZKLOHDQDO\]LQJWKHWHVWUHVXOWV
+RZHYHUH[SHULPHQWUHVXOWV>@VKRZWKDWGXULQJWKHHDUO\VWDJHRIORDGLQJWKHVSHFLPHQPD\ORVHFRQWDFWZLWKWKH
VXSSRUWV 6RPH LQYHVWLJDWRUV>@ HPSOR\HG D QHZ PHWKRG LQ ZKLFK D IUHHO\ VXSSRUWHG SUHFUDFNHG EHQGLQJ
VSHFLPHQ LV LPSDFWHG DW WKHPLGVSDQZKLFK LV FDOOHGRQHSRLQWEHQGLQJ WHVW0HDQZKLOH H[SHULPHQWDO UHVXOWV>@
DQGQXPHULFDODQDO\VLV>@KDYHVKRZQWKDWWKHVSHFLPHQPD\PRPHQWDULO\GLVHQJDJHVIURPWKHDQYLOVGXULQJVRPH
6+3%LPSDFWEHQGLQJWHVWVZKLFKLVDOVRLQWKHRQHSRLQWEHQGLQJFRQGLWLRQ
,Q WKH G\QDPLF IUDFWXUH H[SHULPHQWV WKH VWUHVV LQWHQVLW\ IDFWRU 6,) FDQ EHPHDVXUHG XVLQJ RSWLFDOPHWKRGV
+RZHYHU WKHRSWLFDO LQVWUXPHQWVPD\EHH[SHQVLYHDQG WKHPHDVXUHPHQWSURFHVV LVYHU\FRPSOLFDWHG WKHUHIRUH
DQDO\WLFDORUQXPHULFDOVROXWLRQVDUHQHHGHGWRHVWLPDWHWKH6,)WLPHKLVWRU\$OVRWKHVWUHVVLQWHQVLW\IDFWRUFDQEH
FRPSXWHG E\ WKH ILQLWH HOHPHQWPHWKRG EXW WKHPHWKRG UHTXLUHV D JUHDW GHDO RI FRPSXWHU WLPH DQG WKXV LV QRW
DSSURSULDWHIRUWKHUHDOWLPHSURFHVVLQJ%DVHGRQVRPHDVVXPSWLRQWKHDQDO\WLFDORUVHPLHPSLULFDOVROXWLRQVFDQ
EH HPSOR\HG FRQYHQLHQWO\ WR HVWLPDWH WKH VWUHVV LQWHQVLW\ IDFWRU .LVKLPRWR>@ GHULYHG D VLPSOH IRUPXOD IRU
FDOFXODWLQJ WKH WLPH KLVWRU\ RI WKH G\QDPLF VWUHVV LQWHQVLW\ IDFWRU IRU WKH WKUHHSRLQW EHQGLQJ WHVW IRU D QRWFKHG
(XOHU%HUQRXOOL EHDP $OVR .LVKLPRWR GHYHORSHG D VLPSOH IRUPXOD IRU WKH WKUHHSRLQW EHQGLQJ WHVWV EDVHG RQ
7LPRVKHQNR EHDP WKHRU\>@ DQG RQHSRLQW EHQGLQJ WHVWV EDVHG RQ (XOHU%HUQRXOOL EHDP WKHRU\>@ 0DUXU>@
REWDLQHGDGHJUHHVRIIUHHGRPPRGHOIRUWKHG\QDPLFDQDO\VLVRIRQHSRLQWEHQGLQJEHVWXVLQJ7LPRVKHQNREHDP
WKHRU\7KHSXUSRVHRIWKHSUHVHQWSDSHULVWRGHYHORSDQLPSURYHGIRUPXODIRUWKHG\QDPLFVWUHVVLQWHQVLW\IDFWRURI
IUHHO\VXSSRUWHGVSHFLPHQE\WDNLQJDFFRXQWRIWKHHIIHFWVRIWKHURWDU\LQHUWLDFDXVHGE\WKHVKHDUGHIRUPDWLRQRI
WKHEHDPXVLQJPRGLILHG7LPRVKHQNREHDPWKHRU\
'\QDPLFUHVSRQVHRIIUHHO\VXSSRUWHGFUDFNHGEHDP
2.1. Modified Timoshenko beam theory 
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ZKHUHE DQGG DUH WKH<RXQJ¶VDQGVKHDUPRGXOXV UHVSHFWLYHO\)RUDUHFWDQJXODUFURVVVHFWLRQ WKH7LPRVKHQNR
VKHDU FRHIILFLHQW LV JLYHQ E\      N Q Q   ZKHUHQ LV WKH 3RLVVRQ¶V UDWLR 7KH PDLQ LGHD RI WKH
PRGLILHG 7LPRVKHQNR EHDP WKHRU\ LV WDNLQJ DFFRXQW RI WKH VKHDU GLVSODFHPHQW DQG WKHUHIRUH WKH URWDU\ LQHUWLD
FDXVHGE\WKHVKHDUGHIRUPDWLRQLVLQIOXHQWLDO
2.2. Cracked modified Timoshenko beam 
7KHHGJHFUDFNHG IUHHVXSSRUWHG VSHFLPHQ LV FRQVLGHUHG WR DQDO\]H WKHG\QDPLF UHVSRQVH DV VKRZQ LQ)LJ
ZKLFK LV VXEMHFWHG WR D FRQFHQWUDWHG ORDGF(t) 7KH FRXSOHG HTXDWLRQV IRU WKH WUDQVYHUVDO GLVSODFHPHQWu DQG WKH
EHQGLQJVORSHM RIWKHPRGLILHG7LPRVKHQNREHDPDUHJLYHQE\
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2Q WKH RWKHU KDQG WKH VSHFLPHQ FDQ EH WUHDWHG DV D SULVPDWLF EHDPZLWK GLIIHUHQWPRPHQW RI LQHUWLD E\ WKH
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2.3. Natural frequencies and mode functions 
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2.4. Displacement 
)RU WKH RQHSRLQW EHQGLQJ WHVW.LVKLPRWR>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VSHFLPHQDV
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IXQFWLRQVIRUWKHPRGLILHG7LPRVKHQNRPRWLRQHTXDWLRQVDUHHPSOR\HGDV
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2.5. Simple formula for dynamic stress intensity factor 
,Q RUGHU WR GHWHUPLQH WKH IUDFWXUH WRXJKQHVV RI WKH VSHFLPHQ WKH G\QDPLF VWUHVV LQWHQVLW\ IDFWRU PXVW EH
FRPSXWHGIURPWKHEHDPGLVSODFHPHQWV)ROORZLQJWKHDVVXPSWLRQRI.LVKLPRWR>@WKDWWKHG\QDPLFVWUHVVLQWHQVLW\
IDFWRULVSURSRUWLRQDOWRWKHGLIIHUHQFHEHWZHHQWKHGLVSODFHPHQWRIWKHVSHFLPHQDWWKHPLGVSDQDQGWKDWDWWKHHQG
 K t FDQEHH[SUHVVHGDV
       d F FK t k u t u t    
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$SSDUHQWO\ WKH GLVSODFHPHQW DW WKH HQG IRU D WKUHHSRLQW EHQGLQJ VSHFLPHQ LV HTXDO WR ]HUR DQG WKXV WKH
SURSRUWLRQDOIDFWRUFDQEHZULWWHQDV
   Std s Sk K u t   
%\ VXEVWLWXWLQJ(T DQG(T LQWR(T WKH WKHSURSRUWLRQDO IDFWRUkd FDQEHREWDLQHG&RPELQJ WKH
H[SUHVVLRQ RI WKH GLVSODFHPHQW (T DQG kd WKH G\QDPLF VWUHVV LQWHQVLW\ IDFWRU IRU WKH RQHSRLQW EHQGLQJ
VSHFLPHQFDQEHFDOFXODWHGE\(T
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3.1. Natural frequency of a typical specime 
$W\SLFDO IUHHO\ VXSSRUWHGHGJHFUDFNHGEHQGLQJVSHFLPHQ LVFRQVLGHUHGKHUHLQZLWK WKHZLGWK: PP WKH
WKLFNQHVV% PPˈWKHVSDQOHQJWK6 PPDQGWKHGLPHQVLRQOHVVFUDFNOHQJWKD: 7KHVSHFLPHQLVPDGH
RIW\SLFDOVWHHOZLWKWKHGHQVLW\NJPWKH<RXQJ¶VPRGXOXV( *3DDQGWKH3RLVVRQ¶VUDWLR Q  
7KHQDWXUDOIUHTXHQFLHVREWDLQHGEDVHGRQGLIIHUHQWEHDPWKHRULHVDUHVKRZQLQ)LJLQZKLFKWKHUHVXOWVEDVHG
RQ WKH(XOHU EHDP WKHRU\ DUH FDOFXODWHGZLWK WKHPHWKRG RI.LVKLPRWR>@ WKH UHVXOWV EDVHG RQ WKH7LPRVKHQNR
EHDPWKHRU\DUHREWDLQHGZLWKWKHPHWKRGRI0DUXU>@DQGWKDWEDVHGRQWKHPRGLILHG7LPRVKHQNREHDPWKHRU\
FDQEHFRPSXWHGE\(T,WFDQEHVHHQFOHDUO\WKDWWKHUHVXOWVRIWKHILUVWRUGHURIWKHQDWXUDOIUHTXHQF\E\DOO
PHWKRGV DUH FORVH DQG WKH UHVXOWV JRW E\ WKH (XOHU EHDP DUH PXFK JUHDWHU WKDQ WKH UHVXOWV REWDLQHG E\ WZR
7LPRVKHQNREHDPWKHRULHVLQWKHKLJKHURUGHUZKLFKPHDQVWKHVKHDUGHIRUPDWLRQKDVVLJQLILFDQWLQIOXHQFHRQWKH
G\QDPLFUHVSRQVHRIWKHEHDPLQWKHKLJKRUGHU,QDGGLWLRQWKHGLIIHUHQFHRIWKHUHVXOWVE\WKH7LPRVKHQNREHDP
DQGWKHPRGLILHG7LPRVKHQNREHDPLVYHU\VPDOOLQWKHORZHURUGHUEXWLW LQFUHDVHVZLWKWKHRUGHURIWKHQDWXUDO
IUHTXHQF\DQGLWUHDFKHVDURXQGLQWKHWKRUGHU7KHUHIRUHWKHVKHDUGLVSODFHPHQWDQGWKHURWDU\LQHUWLDFDXVHG
E\ WKH VKHDU GHIRUPDWLRQ ZKLFK DUH WDNHQ DFFRXQW E\ WKH PRGLILHG 7LPRVKHQNR EHDP WKHRU\ KDYH VLJQLILFDQW
HIIHFWVRQWKHKLJKIUHTXHQF\PRGXODWLRQUHVSRQVHRIWKHHGJHFUDFNHGEHDP
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Z
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)LJ1DWXUDOIUHTXHQF\RIWKHIUHHO\VXSSRUWHGVSHFLPHQ
3.2. Responds to different load 
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LQZKLFK  F N 7KHORDGLVDSSOLHGWRWKHIUHHO\VXSSRUWHGHGJHFUDFNHGEHQGLQJVSHFLPHQZLWKSDUDPHWHUV
GHVFULEHGLQDQGWKHUHVXOWVDUHVKRZQLQ)LJ$VPHQWLRQHGLQWKHILUVWRUGHUVRIQDWXUDOIUHTXHQF\RIWKH
WKUHHEHDPVDUHVLPLODUDQGLWFDQEHVHHQWKDWWKHSHULRGVRIWKHUHVSRQVHIRUWKHWKUHHEHDPVDUHYHU\FORVHIURP
)LJZKLFKPHDQVWKDWWKHSHULRGRIWKHEHDPXQGHUWKHVWHSORDGLQJLVFRQWUROOHGE\WKHILUVWRUGHURIWKHQDWXUDO
IUHTXHQF\,WLVDOVRVKRZQWKDWWKHUHVXOWVREWDLQHGE\WKH(XOHUEHDPWKHRU\DUHPXFKJUHDWHUWKDQWKHUHVXOWVE\
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WKHURWDU\LQHUWLDFDXVHGE\WKHVKHDUGHIRUPDWLRQZKLFKDUHLQWURGXFHGE\WKHPRGLILHG7LPRVKHQNREHDPWKHRU\
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LQ ZKLFK  F N  DQG WKH IUHTXHQF\ RI WKH WULJRQRPHWULF IXQFWLRQ LV JLYHQ E\  H+]p  ZKLFK
PHDQV  p Z! DQG  H+]p  ZKLFKLPSOLHV  p Z 7KHORDGLVDSSOLHGWRWKHIUHHO\VXSSRUWHGVSHFLPHQDQGWKH
QXPHULFDOUHVXOWVDUHVKRZQLQ)LJDDQG)LJEUHVSHFWLYHO\,WLVVHHQFOHDUO\WKDWWKHUHVSRQVHSHULRGVRIWKH
VSHFLPHQLVVWLOOFRQWUROOHGE\WKHILUVWRUGHURIWKHQDWXUDOIUHTXHQF\ZKHQWKHIUHTXHQF\RIWKHORDGLQJLVJUHDWHU
WKDQWKHQDWXUDOIUHTXHQF\KRZHYHUWKHUHVSRQVHSHULRGVRIWKHVSHFLPHQZLOOEHFRQWUROOHGE\WKHIUHTXHQF\RIWKH
ORDGLQJZKHQLWLVOHVVWKDQWKHQDWXUDOIUHTXHQF\$VLPLODUWHQGHQF\LVVWLOOSUHVHQWKHUHLQIRUWKHQXPHULFDOUHVXOWV
E\WKHWKUHHEHDPWKHRULHVWKHVWUHVVLQWHQVLW\IDFWRUFDOFXODWHGE\WKH(XOHUEHDPWKHRU\LVPXFKJUHDWHUWKDQWKDW
REWDLQHGE\WKHWZR7LPRVKHQNREHDPWKHRULHVZKLFKPHDQVWKHVKHDUGHIRUPDWLRQKDVVLJQLILFDQWLQIOXHQFHRQWKH
G\QDPLF VWUHVV LQWHQVLW\ IDFWRU DQG WKH VWUHVV LQWHQVLW\ IDFWRU FDQ EH IXUWKHU UHGXFHG E\ WKH HIIHFW RI WKH VKHDU
GLVSODFHPHQWLQWURGXFHGE\WKHPRGLILHG7LPRVKHQNREHDPWKHRU\EXWWKHGLIIHUHQFHLVOHVVWKDQ
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$QHGJHFUDFNHGEHQGLQJVSHFLPHQLVFRQVLGHUHGKHUHLQZLWKWKHZLGWK: PPWKHWKLFNQHVV% PPˈWKH
VSDQ OHQJWK 6 PP DQG WKH GLPHQVLRQOHVV FUDFN OHQJWK D:  7KH VSHFLPHQ LV PDGH RI  VWHHO ZLWK WKH
GHQVLW\NJPWKH<RXQJ¶VPRGXOXV( *3DDQGWKH3RLVVRQ¶VUDWLR Q  ,PSDFWWHVWZDVFDUULHGRXW
RQWKHVSHFLPHQE\XVLQJ6+3%DQGDW\SLFDOLPSDFWIRUFHRIWKHVSHFLPHQFDQEHVKRZQDV)LJ
7KH QXPHULFDO UHVXOWV DUH VKRZQ LQ )LJ  ,W LV VHHQ FOHDUO\ WKDW WKH UHVSRQVH SHULRGV RI WKH VSHFLPHQ LV
FRQWUROOHGE\WKHLPSDFWIRUFHLQWKHHDUO\VWDJHKRZHYHUWKHUHVSRQVHSHULRGVRIWKHVSHFLPHQZLOOEHFRQWUROOHG
E\ WKH ILUVW RUGHU RI WKH QDWXUDO IUHTXHQF\ZKHQ WKH LPSDFW ORDGLQJ GURSSHG TXLFNO\$ VLPLODU WHQGHQF\ LV VWLOO
SUHVHQWKHUHLQIRUWKHQXPHULFDOUHVXOWVE\WKHWKUHHEHDPWKHRULHVWKHVWUHVVLQWHQVLW\IDFWRUFDOFXODWHGE\WKH(XOHU
EHDP WKHRU\ LV PXFK JUHDWHU WKDQ WKDW REWDLQHG E\ WKH WZR 7LPRVKHQNR EHDP WKHRULHV ZKLFKPHDQV WKH VKHDU
GHIRUPDWLRQKDVVLJQLILFDQW LQIOXHQFHRQ WKHG\QDPLFVWUHVV LQWHQVLW\ IDFWRUDQG WKHVWUHVV LQWHQVLW\ IDFWRUFDQEH
IXUWKHUUHGXFHGE\WKHHIIHFWRIWKHVKHDUGLVSODFHPHQWLQWURGXFHGE\WKHPRGLILHG7LPRVKHQNREHDPWKHRU\EXWWKH
GLIIHUHQFHLVOHVVWKDQ
&RQFOXVLRQ
$QLPSURYHGPHWKRGEDVHGRQWKHPRGLILHG7LPRVKHQNREHDPWKHRU\IRUFDOFXODWLQJWKHG\QDPLFVWUHVVLQWHQVLW\
IDFWRUIRUDIUHHO\VXSSRUWHGHGJHFUDFNHGVSHFLPHQZKLFKLVLPSDFWHGDWWKHPLGVSDQ7KHPRGHVKDSHIXQFWLRQV
DQGWKHQDWXUDOIUHTXHQF\HTXDWLRQVRIWKHFUDFNHGEHDPLQIUHHO\VXSSRUWHGERXQGDU\FRQGLWLRQVDUHGHULYHGIURP
PRGLILHG7LPRVKHQNREHDPHTXDWLRQVLQZKLFKWKHURWDU\LQHUWLDFDXVHGE\WKHVKHDUGHIRUPDWLRQRIWKHEHDPLV
FRQVLGHUHG E\ WUHDWLQJ WKH FUDFN DV D GLVFRQWLQXLW\ LQ WKHPRPHQW RI LQHUWLD 7KH WUDQVYHUVH EHDP GHIOHFWLRQ LV
GHULYHGE\ WKHPRGH VXSHUSRVLWLRQPHWKRGZKHQDSRLQWORDGH[FLWDWLRQ LV DSSOLHGDW WKHPLGVSDQ$VVXPLQJ WKH
G\QDPLF VWUHVV LQWHQVLW\ IDFWRU LV SURSRUWLRQDO WR WKH GLIIHUHQFH EHWZHHQ WKH GLVSODFHPHQW RI WKH VSHFLPHQ DW WKH
PLGVSDQDQG WKDW DW WKHHQG D VLPSOH IRUPXOD LV HPSOR\HG IRU FDOFXODWLQJ WKH WLPHKLVWRU\RI WKHG\QDPLF VWUHVV
LQWHQVLW\IDFWRUIRUDG\QDPLFRQHSRLQWEHQGLQJWHVW,WLVVKRZQWKDWWKHQDWXUDOIUHTXHQF\DQGWKHG\QDPLFVWUHVV
LQWHQVLW\IDFWRUDUHUHGXFHGGXHWRVKHDUGHIRUPDWLRQRIWKHEHDPEDVHGRQWKH7LPRVKHQNREHDPWKHRU\FRPSDULQJ
WR WKH UHVXOWV EDVHG RQ WKH(XOHU%HUQRXOOL EHDP WKHRU\ DQG WKH HIIHFW RI WKH URWDU\ LQHUWLD FDXVHG E\ WKH VKHDU
GHIRUPDWLRQLVHYLGHQWDWWKHKLJKHURUGHUIUHTXHQF\EDVHGRQWKHPRGLILHG7LPRVKHQNREHDPWKHRU\+RZHYHUWKH
HIIHFWRIWKHPRGLILHG7LPRVKHQNREHDPWKHRU\WRWKHG\QDPLFVWUHVVLQWHQVLW\IDFWRULVEHORZ
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